INTRODUCTION

Introduction to micro-cantilever biosensors
In last fifteen years, microcantilever sensors have been emerging for the detection of chemicals and biological substances [1] [2] [3] [4] [5] [6] [7] . A cantilever biosensor consists of a layer of biomolecules that can bind with target molecules in the solution, cause surface stress change and consequently mechanical deformation of the microcantilever. The cantilever deflection can be measured and used as a tool for detection of specific molecules [8] .
Detection of biomolecules by using cantilever biosensors has become significant in variety areas like medical diagnostics because of small size, lightweight, and high sensitivity of these biosensors [3, 8] . Many experimental and theoretical studies have been conducted to investigate the sensing mechanism. Fritz et al. [9] To understand the mechanism of transducing chemical energy to mechanical work in such biosensors, Stachowiak et al. [11] performed experiments with DNAs with three different molecular lengths. He also used different salt concentration in buffer during immobilization and hybridization to control the immobilization density and hybridization efficiency. Results of his experiments showed that although the immobilization density, hybridization efficiency and the molecule length affect cantilever deflection, the effects of all three parameters can be coupled and surface stress produced by DNA hybridization can be directly related to hybridization density or surface coverage.
To predict cantilever deflection, Hagan et al. [12] proposed a mathematical model in which he assumed hexagonal arrangement for immobilized ssDNAs and considered hydration and electrostatic forces as well as conformational entropy. Based on his model, he concluded that hydration forces dominantly influence the cantilever deformation during hybridization. Begley et al. [13] also proposed another model based on the thermodynamics of adsorption and interaction energy between adsorbed molecules on the surface of biosensor array. He showed that the change in surface stress can be expressed by pair interaction potential and pair correlation function and considered three different boundary conditions (cantilevered, pinned and clamped boundary conditions) for sensing films to calculate the deformation of the sensor array. The equation explained surface stress change based on pair potential and correlation function was based on Virial theorem. Unfortunately, there are some mistakes in driving this equation. Later in this report, that equation will be modified.
Huang et al. [14] suggested that the orientational entropy of dsDNAs are changed after the molecule is absorbed to the sensor film because the neighboring molecules occupy the space needed for freely rotation of molecule and eliminate a fraction of possible configurations of the molecule. Considering hexagonal arrangement for immobilized ssDNAs and hundred percentage for hybridization efficiency, he proposed interaction potential between dsDNAs based on entropy change and using the same idea of calculating surface stress change by pair interaction potential and pair correlation function, he predicted the deformation of circular membrane as sensing film. His model had some limitation. First, the pair interaction potential could be considered for just neighboring molecules and interaction of molecule with other molecules was eliminated. Also, the Monte Carlo simulation showed that this model could be used for very small molecular separations where the ratio of separation and effective molecular diameter was less than 2. The model suggested an effective molecular diameter based on salt concentration and molecular bending that made no sense. The Author also asserted other interaction potentials like the one proposed by Stery et al. [15, 16] could capture the same trend as the mentioned pair potential that was a wrong claim. In addition, that model could not capture the effect of hybridization efficiency.
Zhao et al. [17] suggested a mathematical and numerical model based on Strey interaction potential. He assumed four different DNA ensembles: average spacing, random selection, energy minimization, and Gaussian-perturbed and instead of directly calculating surface stress change by the concepts of pair potential and correlation function, the energy of molecular samples were calculated numerically and the total energy of the system including interaction energies and bending energy were minimized to determine the cantilever tip deflection. While the advantages of random selection and energy minimization ensembles over average spacing samples were that they could present the effects of different hybridization efficiencies, Gaussian-perturbed samples could capture the effect of molecular disorders as well. Based on numerical calculations, average spacing, random selection, energy minimization ensembles could predict experimental results for high immobilization densities equal or over 0.13 nm -2 , but for lower densities between 0.01 to 0.1 nm -2 , reasonable results could be given by Gaussian-perturbed ensembles.
In all mathematical and experimental studies mentioned above, the same mechanism for the sensing was assumed: the cantilever surface was covered with receptor species that could combine with ligand molecules in the solution and cause cantilever bending. Kang et al. [18] called this sensing method as conventional or direct mode of sensing and found some limitation in sensing with this method especially when the concentration of ligand molecules in the solution were so low. He proposed an alternative method of sensing called competition mode of sensing. In this method, the surface of the cantilever is covered with ligand-receptor complexes and the cantilever is immersed in the solution of receptors. Because of the competition between surface receptors and soluble receptors to react with ligand molecules, the ligand molecules diffuse away from the cantilever that causes cantilever deflection.
In this report, both conventional and competition mode of sensing is considered. First, equations for calculation of surface stress change based on pair potential and change of entropy is modified and then based on entropy change, a model for prediction of cantilever deflection is expressed. In this model, the effect of attraction forces between molecules and gold surface of cantilever is taken to account. Then, a mathematical model for explaining the mechanism of competition sensing mode is reported.
Molecular arrangements
As mentioned above, for detection of special molecules in a solution, surface of micro-cantilever bio-sensor is covered by single strand DNAs (ssDNAs) with certain Since the interaction forces between dsDNAs are much stronger than ssDNAs, the interaction energy after hybridization causes cantilever deflection. To find the cantilever tip deflection, Virial theorem can be used. Virial theorem is based on energy conservation theory and can be written as follow [19] :
where 〈 〉 is the total virial, 〈 〉 is the internal virial and 〈 〉 is the external virial.
The total virial over molecules is
where is Boltzmann constant and is temperature. The symbol shows the sum of intermolecular and external forces. The internal virial and the external virial are
3)
where the 0 is surface stress and is the surface of the cantilever. The internal virial can be written as function of pair virial, , as follow: 5) where is the vector between the molecular centers and
where ( ) is pair potential and we have
where ( ) is the pair distribution function. From equations (2), (4) and (7) we have
Since the molecules are attached to the surface of the cantilever, we can assume the kinetic energy of the molecules are zero and the first term of the left side of the equation (8) can be ignored. For the molecules attached on the cantilever surface, the pair distribution function can be written as follow:
where is Dirac delta function. By substituting equation (9) into equation (8) we have:
The pair interaction potential between dsDNA molecules can be calculated based on Strey et al. [12, 13] model. The Strey pair potential can be written as follow:
where is a dimensionless constant, is the length of DNA, is , is persistence length of dsDNA molecules and ( ), the summation of energy of electrostatic repulsion and hydration force interactions, is as follow: 13) where is the number of microstates. From the first law of thermodynamics, we have:
where ∆ is the change in energy of all molecules after hybridization that causes surface stress change, is the number of molecules (ssDNAs) in smallest sample area, (Figure 2 ), and ∆ is the change in entropy of molecules. For hybridization efficiency of 100%, is equal to 1. For hybridization efficiencies lower than 100%, is equal to hybridization efficiency.
Figure 2.2. Hexagonal arrangement of molecules
The surface stress change, 0 , causes cantilever deflection is
Huang et al. [14] suggested that for 100% hybridization efficiency, each dsDNA is surrounded by six other dsDNAs and limited its rotation. He assumed the number of microstates for the surrounded DNA could be related to the solid angle accessible to that molecule (Figure 2.3) .
Figure 2.3. DNA motion and solid angle accessible by DNA
The solid angle, Ω, can be written as follow: 16) where is the diameter of the molecule and is the length of the molecule. Therefore The change in energy is 
Figure 2.8. Comparison of simulation results with experimental results
Since this model is too sensitive to molecular separation and cannot predict the surface stress change when the molecular separation is large, we cannot consider this model as a good model for prediction of cantilever deflection. The only conclusion for this model is that, the change in entropy of the system can be important for some special molecular 
. Physical model of competition sensing mode
Since the micro-cantilever size is so small in comparison with the size of container of solution, we can assume the micro-cantilever is a small particle like a spherical cell with radius a and a reversible binding of ligands, with receptors on the surface of the cell can take place in a local layer (Figure 3.2) . The mathematical analysis of competition between receptors on the cell and receptors in the solution for binding with ligands is not a new topic.
Kimberly et al. [20, 21] theoretically analyzed the competition of soluble receptors and cell receptors in secretion of ligands in order to inhibit cellular receptor bindings in tumor cells.
His model can be modified to develop a new mathematical model which can be used to investigate the completion sensing mode. 
Numerical results and discussion
As it stated before, micro-cantilever biosensor with complexes on its surface is immersed in the solution of target molecules. Prediction of the change in number of complexes and receptors on the surface of the cantilever with time, therefore, can be a strong tool for evaluating existence of a special target molecule, its concentration in the solution and cantilever tip deflection. In this section, the effects of different physical parameters on number of complexes and receptors are discussed. In order to apply for specific geometry, the outer surface of the cell, , for about 10000 2 and local layer thickness, , for about 5 is used in numerical examples throughout this paper. Electrostatic and hydrostatic forces as well as change in entropy of the system can have contribution in surface stress change in outer surface of the cantilever and consequently, cantilever tip deflection. In competition mode of sensing, the rate of cantilever deformation can shows the existence of target molecules. This method is useful when the concentration of target molecules in the solution is low and conventional method of sensing is unable to detect molecules.
Conclusions
In this report, two theoretical and mathematical models, molecular interaction model and entropy model for stand-up configuration of molecules were modified considering conventional mode of sensing and another model for lie-down configuration based on entropy change was proposed. The numerical results showed that the entropy model was unable to predict cantilever deflection when the molecular separation is much larger than molecule size; however, the molecular interaction model that is based on interaction between dsDNAs can give us reasonable results.
In addition, another model was developed for competition mode of sensing. It was shown that the competition sensing worked in reaction control regime when ligands molecules interacted with available receptors in the local layer before they diffused away from it. Also, sensing could be stronger when surface coverage of complexes were higher resulted in higher nondimensional number . The trend of the curve for higher was comparable with experimental results. The model also showed the competition sensing could be able to detect different target molecules with different unbinding rate constant in the same solution.
